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This paper introduces a nonparametric fitting method for the interpolation of aerodynamic observations over a
large range of multiple angles of attack. The method is based on the employment of smoothing thin-plate spline class
functions, a well-renewed mathematical tool for multivariate data mining based on the generalization of the
univariate natural cubic splines, in which a roughness penalty criterion is used to produce very smooth predictive
hypersurfaces. Compared with other methods, such as parametric or even conventional nonparametric methods, the
use of a smoothing thin-plate spline is more effective, in that the predictive surface comes directly from the observed
points, thus minimizing any intervention of the analyst aimed at introducing model parameters. This forms the basis
for a very reliable fitting technique, in which model construction can be relatively easy to implement. An application
of the method is carried out on a case study representative of some experimental data coming from a wind-tunnel
campaign on a typical three-dimensional fuselage-shaped body, aimed at the acquisition of its aerodynamic
coefficients over a rather extensive attitude range. Specifically, the application is focused on the body lift coefficient as
a function of both angle of attack and sideslip angle. The data set is also interpolated using concurrent response-
surface methods: namely, a linear model, a bivariate spline, a radial basis function network, a support vector
regression technique, a regression kriging, and a moving-least-squares approach, alternatively known as local
polynomial regression. Results of data fitting are assessed using a cross-validation approach and reveal a clear
superiority of smoothing thin-plate spline over the other methods, leading to a more regular fitted surface and a more
reliable prediction tool, even when some observations are omitted. This is important per se, but acquires even more
significance when an aerodynamic test campaign is to be planned with the minimum number of experimental

observations.
Nomenclature X = vector of independent variables, independent

a = vector of unknown B spline or thin-plate spline parameters, and predictors .
coefficients y = vector of observed values or output variables

B, = ith B spline of order A for a given knot X(,,-) (i) = cstimated response vector -
sequence s YO f estimated response vector after cross-validation,

CcL — 1ift coefficient obtained omitting ith observation

cVv = cross-validation score function < = ¢(ix —H ), radial ba§1s fl..lnctlon .

D2 = second derivative operator o = smoothing parameter in thin-plate spline, angle

E(r) = functional, parametric in ¢ of attack .

£(x) systematic component of the functional B = vector of parameters to be estimated, vector of
relationship between y and x weights in radial basis functions

h = bandwidth in moving least squares p = sideslip angl_e o .

J(f), J,(f) = functionalin function f ) = vector of Welghts in thln-plate spline

K(x) = Epanechnikov kernel in moving least squares € = threshold in thin-plate spline .

K, () d-variate kernel function in moving least e = vector of random errors between the estimated

" squares and the observed y

m(-), m®(-) = model and its kth-order partial derivative in N = function of the Euclidean distance in the
moving least squares independent variable space

nom — number of observations n = radial basis function center

» = smoothing parameter in B splines, degree of the o = vector of widths in radial bas1s'funct10ns .
local polynomials in moving least squares T = generic knot or break for B spline construction

R = determination coefficient

S(f), S,,a(f) = functional in function f

s, t = vectors of knots for B spline construction X

w = vector of weigh[s I. Introduction

X regression matrix NE of the major concerns with experimental aerodynamics
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when handling data coming from both wind-tunnel campaigns
and in-flight tests is the identification of a useful and sound fitting
technique for model building, especially when the aerodynamic
coefficients over bodies at high incidence angles are investigated.
Actually, arobust and accurate modeling approach may help gaining
a deeper insight into the physical interpretation of the phenomena
under analysis; moreover, the need to feed the flight mechanics
tools with reliable data can not be addressed unless experimental
acquisitions are properly postprocessed.
Fitting of aerodynamic data is currently carried out using both
parametric and nonparametric techniques.
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A parametric technique is the one that obeys the rules of the
conventional statistical regression analysis [1], and is often used
within the realm of physical experiments as it typically smoothes out
the random errors that inevitably affect the tests. It basically consists
in predefining a form of a response surface, usually of the low-order
polynomial type because of their intrinsic physical meaning, the
unknown coefficients of which are determined using a generalized
least-squares regression criterion to fit the response-surface-
predicted values to the observed data. The result is an approximating
function or hypersurface that mimics the functional relationship
between the response y and the input variables xs.

This technique is often referred to as statistical response-surface
methodology (RSM) [2-4]. Examples of application of RSM
techniques are uncountable in aeronautics and usually refer to fitting
wind-tunnel or numerical data samples in a rather restricted range
of incidence angles. Among others, in [5] the aerodynamic charac-
terization of a complex aircraft configuration is carried out using a
RSM approach in which the selected input variables are the vehicle’s
attitude (defined by pitch and yaw angles, which vary in a limited
range) and the control surfaces’ settings; the reliability of the
parametric model is evaluated using the statistical analysis of
variance (ANOVA). In [6], an approach to preliminary design of
aircraft is presented in which RSM is used to accelerate the search
for optimal configurations of vehicles. RSM in combination with
modern design of experiments (MDOE) is used in [7,8] for the
numerical estimation of the drag polars at different attitudes
(although still within a restricted range) of a joined wing concept
aircraft, in which the parametric model is eventually used to provide
reliable data to the flight mechanics tools. A response surface for
pressure distribution prediction built on some experimental data over
a model aircraft is instead created in [9], in which pitch and yaw
angles are varied within a relatively small range (up to 30 deg) to
cover the flight envelope under investigation.

However, in usual wind-tunnel tests, it is rather unlikely for a
unique low-order polynomial-type response surface to adequately
model experimental data over the whole attitudes’ domain of interest.
Hence, it becomes necessary to split the parameters’ exploratory
space into a number of subdomains over which polynomial-type
modeling functions can correlate the data in a satisfactory way: the
global response results then from the combination of different
submodels and looks like a piecewise continuous function, con-
sisting of a series of adjacent multiple response surfaces [9].
Nevertheless, it clearly appears that the identification of proper
subdomains implies some knowledge of the response trend and
hence needs to rely on empirical criteria coming from previous
experiments on similar configurations in order to be effective. To this
purpose, in [10] the application of an RSM approach is illustrated,
aimed at an exploratory analysis of a model-scaled aircraft with
highly nonlinear aerodynamic behavior at high angles of attack.
Different parameters’ subdomains are selected, representative of two
spaces (namely, high- and low-incidence angles), and a response
model is developed over adjacent subspaces on the global design
space, defined by proper limits on model attitudes and deflections of
the aircraft control surfaces. Also, in [5] the need for identifying
a priori the limits of the parameters’ domain over which a RSM
approach can be successfully adopted is emphasized as being one of
the most critical features of such methods when applied to wind-
tunnel data modeling. However, the identification of meaningful
application limits is always left to the analyst’s judgment: while
this could be acceptable for limited attitudes’ ranges or in regions
of known behavior, it could lead to inadequate representation of
nonlinear phenomena, like stall and poststall of complex
configurations.

As amatter of fact, RSM might not be satisfactory for handling the
level of complexity typically encountered in fitting aerodynamic
data, especially when robust inter- or extrapolation is needed over
a wide range of angles of attack. In fact, in practical applications
in which complex flight envelopes require to account for large
variations in the aerodynamic coefficients due to the extensive
range of attitudes under consideration (e.g., helicopter fuselages, in
which the vehicle is intrinsically subject to extremely variable flight

conditions resulting in a wide range of angles of attack), a polynomial
regression technique may result in misleading responses [3].
Actually, when low-order polynomials are used to model a limited
number of sampled points, an apparent lack of fit is likely to occur as
a result of the model structure deficiency: this typically leads to a
response that does not capture the phenomenon under consideration,
being far away from the observed points. On the other hand, a more
complex high-order polynomial model could be desirable as it better
fits the available experimental data; however this often results in
very complicated response surfaces with poor or undecipherable
engineering relevance. Moreover, the criterion upon which to base
the choice of the polynomial model and its order may not to be
generalized and is almost invariably left to the analyst’s judgment.

A nonparametric approach, in which no hypothesis is made
a priori about the form of the function relating the response variable
to the independent variables, is an effective and useful alternative to
RSM [11-13]. Unlike parametric statistical inference techniques, in
a nonparametric approach the response function is not assumed to
belong to a specified parametric class of functions: on the contrary, it
is only supposed to obey to a few and rather general smoothness
conditions. The very attractive feature of this approach is that data to
be fitted is not forced into a prescribed mathematical structure in
order for the unknown model parameters to be determined, but
it is left free to build the statistical model on its own without being
trapped into a predefined, constrained formulation. In other words,
the response function is identified only on the basis of the assigned
data, and its determination becomes actually the final goal of the
model identification. In this sense, it is called nonparametric, i.e., not
because it is parameterless, but because the goal of the regression is
now to estimate the regression function f directly rather than the
parameters.

Some misunderstanding exists among engineers on what is to be
regarded as a nonparametric model, in that it is erroneously believed
that this property should characterize only models that produce
an exact, or interpolative, fit through all of the observed data. Instead,
a nonparametric approach is focused on determining the correct
function according to some optimization criteria regardless the local
property of passing through or near the observations. In fact, similar
to parametric regression, a weighted sum of the y observations is used
to obtain the fitted values. However, instead of using equal weights as
in ordinary least-squares or weights proportional to the inverse of
variance as is often the case in weighted least-squares, a different
rationale determines the choice of weights in nonparametric regres-
sion, as will be specified later.

Some relevant examples of nonparametric methods for data fitting
or metamodel construction and optimization in aeronautics have
already been documented that include mainly multivariate adaptive
regression splines [14,15], neural networks [16—18], and radial basis
functions (RBF) [which are, de facto, a particular type of neural
network, thus leading to the popular expression radial basis functions
networks (RBN)] [19-21], each of which has some advantages and
drawbacks [22,23]. Other more recently developed nonparametric
techniques, whose application to aeronautics is far less diffused,
encompass support vector regression [24-26], regression kriging
[27-30], and moving least-squares or local polynomial regression
[31-35].

In this paper, a technique for robust fitting of aerodynamic data
is proposed that takes advantage of all the strengths of a nonpara-
metric approach while minimizing its weaknesses. In particular, an
innovative application to aerodynamic data fitting is introduced that
is based on a very robust, reliable, and physically sound nonparam-
etric methodology. Such methodology stems from the deterministic
formulation referred to as smoothing thin-plate spline technique that,
as will be evident in the paper, perfectly suits for the purposes of
fitting data over a wide range of angles of attack without incurring in
over- or underfitting-related problems.

The paper is organized in the following way: after a brief discus-
sion of parametric models, both the main conventional and innova-
tive nonparametric techniques for model building are described,
including multivariate adaptive regression splines, neural networks,
radial basis functions, support vector regression, regression kriging,
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and moving-least-squares technique. Then the methodology based
on the use of smoothing thin-plate splines is presented and an
application to some sample aerodynamic data is illustrated. Results
are discussed and compared with those coming from both parametric
and traditional techniques, as well as more recent nonparametric
techniques.

II. Parametric Models

RSM consists in a collection of statistical and mathematical
techniques for parametric model building, aimed at developing a
reliable model that exhibits the highest correlation with observations,
while keeping the number of explanatory variables to a minimum.

In the experimental aerodynamic field, the response surface
usually turns out to be expressed in the form of a statistical linear
model in which the estimation function of the output variable y is
linear in the parameters:

E(y) =a+ Bix; + ...+ Byxp (1)
where (o, B;,..., ) is the vector of parameters to be estimated;
(X1, ..., x,;) is a vector of predictors for the ith of n observations;

y = f(x) + &, where f(x) the systematic component of the func-
tional relationship between the response and the independent
variables; ¢; is the sum of measurement (random) errors and lack of fit
between the estimated and the observed ith values; and ¢ is assumed
to be normally, identically, and independently distributed, with zero
mean and constant variance.

The general approach of RSM includes first some screening trials
focused at selecting those input factors that are most influential to the
response variable being investigated: this is essential in order to
reduce the complexity of the model while enhancing its prediction
accuracy and is usually addressed using MDOE [36-38]. The
statistical significance of each term is usually assessed through
ANOVA: terms in the polynomial function having large variance
may be dropped from the model with negligible effect on the fidelity
of the response-surface fit.

Once the most significant terms are identified, the estimation
problem can be formulated as y = X8, where y is the estimated
response vector and X is the regression matrix. Based on the least-
squares regression approach, the solution to the above formulated
problem is B = (XTX)~'XTy.

Finally, some well-known statistical techniques exist through
which both the approximation model accuracy and uncertainty levels
may be evaluated through the use of several metrics that quantify the
modeling error: i.e., the discrepancy between the response values
given by the model and the actual observations. A well-established
practice consists, for instance, in evaluating the overall correlation
coefficient, examining the residual distribution and quantifying the
global variance between observed and predicted values.

II. Concurrent Nonparametric Methods
for Data Fitting

In the following, a brief summary of the most popular and effective
methods of nonparametric modeling is outlined in order to help
understanding both their benefits and weaknesses.

While polynomial models can be regarded for as global models, in
which both the observations near to (in the Euclidean distance sense)
and far from a location x in the input parameters’ domain equally
influence the predicted response over X, nonparametric approaches
have a somewhat local character [39]. Specifically, the closer the
available observations to x, the higher their weight in the determi-

nation of the predicted response f (x). This seems particularly
attractive when the unknown response function is highly multimodal,
as is the case for aerodynamic coefficients of bodies at high incidence
angles.

The general nonparametric regression model is written in a similar
manner to the parametric one, but the function f is left unspecified:

E(y) = f(xp. .0 x,) + & 2

Most methods of nonparametric regression implicitly assume that
f is a smooth, continuous function. As in parametric regression, it is
standard practice to assume that the errors ¢; are normally distributed
with zero mean and constant variance.

A. Multivariate Adaptive Regression Splines

Multivariate splines are piecewise-polynomial functions of given
smoothness [40,41]. They constitute the generalization of the well-
known 1-D (or univariate) cubic spline curve in an n-dimensional
space. When a two-dimensional space of independent variables is
considered, as the case in this work, they are often referred to as
bivariate splines.

A bivariate spline in B form is obtained from a univariate spline by
using the tensor product construction:

m n
_ X X
fxx) = E E Bi,th,kaij
i=1 j=1
m n

= Z ZB(Xl 850 vs Sin) Bty oot ay; 3)
i=1 j=1

where B}), = B(xs;. ..., s;y;) is the ith B spline of order A for the
given knot sequence s in the x, direction: i.e., the B spline with knots
Sis-++»Sipp in the basic interval (s, ..., s, ,). Similarly, B}} =
B(x,|t;, ..., tjy) is the jth B spline of order k for the given knot
sequence t in the x, direction: i.e., the B spline with knots #;, ..., ;¢
in the basic interval [t,...,;;]. It is worth recalling that, for
example, B;zk is a piecewise polynomial of degree <k, with breaks
tj, ..., 1, 18 zero outside its basic interval, and is normalized such
that 37| B, = 0 for [, ..., 1,411

Spline smoothness is governed by the nodal surface derivatives,
in particular the second partial derivative, therefore is linked to
multiplicity of knots. If the number t occurs exactly r times in the
sequence 7;,...,1%;, then B;, and its first k-r-1 derivatives are
continuous across the break z, while the (k-r)th derivative has a jump
at 7.

Unknown coefficients a;; are determined according to the type
of approach used for data approximation. In the framework of a
nonparametric approach, the spline does not fit observed data y =
(1, ---+ Ymyn) exactly but is rather derived as a best interpolant,
e.g., as the function having the smallest Euclidean distance from
all observed data (least-squares criterion). This approach is often
referred to as variational approach. The surface is then determined by
solving the following variational problem:

minimize pE(1) + (1= p)F(1) = pY wily, = fi(xy. x)

+(-p) / " / "D di )

where p is a smoothing parameter, which is determined to make F(¢)
as small as possible subject to the condition that E(¢) is no greater
than a prescribed, small, tolerance.

Multivariate smoothing spline techniques have several advan-
tages, such as simplicity and robustness, when applied to fitting noisy
data, since they are able to produce physically realistic interpolation
with reasonable accuracy and smoothness. They are very flexible for
approximating known or unknown functions or any given data sets.
Moreover, from the numerical point of view, routines for spline
construction are very consolidated and reliable, since the linear
systems to be solved for this are fairly simple.

However, the main drawback with this approach relies on the fact
that there is no universal criterion for determining the number of
knots upon which to construct the fitting model. In particular, if the
number of spline sites and provided knots obey to the so-called
Schoenberg—Whitney conditions, i.e.,

knots(j) < x;,(j) <knots(j + k)
for j=1,...,length(x) = length(knots) — k (5)
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then there is a unique spline passing through the observed points:
ie., y; = fi(x;,x,) for all j. This results in a purely nonparametric
approach (exact fitting) that may lead to erroneous predictions (e.g.,
overfitting) within the observed data, especially for nonnumerous
sets of data.

B. Radial Basis Functions and Radial Basis Networks

As it is known, a generic radial basis function can be expressed in
the form [42]:

2(x) = ¢(lx — ) (©6)

where x is an n-dimensional input vector, p is called center, || - ||
denotes the Euclidean distance, and ¢ is a univariate function, which
is often referred to as the profile function. Typically, a fitting model is
set up as a linear combination of N radial basis functions having N
distinct centers. This is equivalent to build a linear neural network
having a number of inputs corresponding to the number of input
vectors, primitive nodes whose transfer function is given by Eq. (6),
and a single output (which corresponds to the values to be fitted)
[43,44]. For instance, when an input vector X is given to the network,
the output of the RBF network (or RBN) is the activity (or neural)
vector:

) = B7(x) @)
j=1

where B, is the weight associated with the jth radial basis function
centered at [ ;.

Avariety of radial basis functions are used in practice [45], such as
Gaussian, Cauchy, multiquadrics, and others. A particular type of
RBF is often and generically referred to as a thin-plate spline (TPS),
which is the main subject of this paper. The general form of a TPS is

the following:
2
9(x) = (g) 1og(§) ®)

However, the meaning of this designation in this paper is intended
to be significantly different from the one described in the framework
of the radial basis function community, to which the expression
above refers. The reasons for this are explained below.

First, RBFs (and TPS in the form given above) need the centers to
be specified. At present, no general rule exists for selecting them [46],
even though some criteria have been developed [47], such as the
regularized orthogonal least-squares (ROLS) procedure, in which the
centers are chosen one at a time using a forward-selection procedure
from a candidate set consisting of all the data points or a subset
thereof. However, it is almost impossible to build automatic selection
schemes, so the aerodynamicist is often obliged to select them by trial
and error until a satisfactory fitting is obtained.

Moreover, all of the radial basis functions have an associated width
parameter o, which is related to the spread of the function around its
center. Again, such parameters must be decided by the user, since
there is no rigorous criterion for its choice. A heuristic option is given
in [46], in which the width is the average over the centers of the
distance of each center to its nearest neighbor. However, this holds
true for Gaussians RBFs, and it is only a rough guide that provides a
starting value. Some algorithms exist for the width selection [48],
including generalized cross-validation (GCV), but basically all of
them proceed from a tentative value and test several widths values
equally spaced between specified initial upper and lower bounds,
then the width value minimizing log10 (GCV) is selected.

C. Support Vector Regression

Proper versions of support vector machines (SVM) [24] suitable
for interpolation and regression have been developed recently that
are called support vector regression (SVR) [25]. In SVR, a nonlinear
function is learned by a linear learning machine in a kernel-induced
feature space, while the capacity of the system is controlled by a
parameter that does not depend on the space dimensionality. As in the

classification case, the learning algorithm minimizes a convex
functional and its solution is sparse. The model produced by SVR
only depends on a subset of the training data, because the cost
function for building the model does not care about training points
that lie beyond the margin and moreover because the cost function for
building the model ignores any training data close to the model
prediction (within a threshold €). SVM springs to mind as the most
prominent method that balances data fitting and model simplicity. It
is particularly suited to data from physical experiments as the level of
experimental error can be used as the width .

Despite the numerous advantages related to the kernel-induced
mapping, the use of SVM in fitting aerodynamic data seems to be
constrained by the cardinality of the observed data: in fact, as in
neural networks, the predictive capability of such technique is largely
dependent on how numerous and dense are observations used to learn
the machine. Moreover, the biggest limitation when using a support
vector approach probably lies in the choice of both the kernel
function parameters (e.g., for Gaussian kernels the width parameter)
and the value of ¢ in the e-insensitive loss function, which are left to
the analyst’s judgment [26].

D. Regression Kriging

Regression kriging (RK) is a spatial interpolation technique that
combines a regression of the dependent variables on auxiliary
variables with simple kriging of the regression residuals [27]. It is
mathematically equivalent to the interpolation method variously
called universal kriging and kriging with external drift, in which
auxiliary predictors are used directly to solve the kriging weights.
From a different point of view, RK belongs to the family of linear
least-squares estimation algorithms and, as such, is basically a
regressing Gaussian RBF.

Advantages of kriging as an interpolation technique have been
well understood and relate mainly to every estimate being
accompanied by a corresponding kriging standard deviation. Thus,
for any set of predicted values, a quantitative measure of confidence
can be produced [28]. This makes kriging uniquely different from
other interpolation methods. The estimation variance can also be
used to determine when more information is needed if future
sampling is planned. Other advantages in using RK have been
underlined in [29] and deals with the fact that kriging weights
depend not only on the distances between observational points and
estimation locations but on the mutual distances among observa-
tional points as well. As a result, kriging has two interesting and
unique properties: declustering and screen effect. With the
declustering property, several observational points close to each
other will have collectively the weight of a single observational point
located near the centroid of the cluster. With screen effect, the
influence of an observational point will be reduced by addition of one
or more observational points at the intermediate locations between
the original observational point and the estimation location. As the
screen effect makes the influence of distant observational points
negligible, the use of sampling subset in kriging is a safe practice
compared with other weighting methods.

A remarkable drawback associated with RK is the estimation of
semivariogram [30], which measures the degree of spatial correlation
among observational data points in a study area as a function of the
distance and direction vector between observational data points. It
controls the way that kriging weights are assigned to data points
during interpolation, and consequently affects the quality of the
results. Itis not always easy to ascertain whether a particular estimate
of the semivariogram is, in fact, a true estimator of the spatial cor-
relation in an area. The reasons for choosing a particular semi-
variogram to fit the given data set are often difficult to explain in
terms of physical processes. They can only be rationalized in terms of
a least-squares on maximum likelihood fit to the data set.

E. Moving Least Squares or Local Polynomial Regression
Moving-least-squares technique (MLS), often referred to as LPR,

[31,32], was developed to overcome well-known drawbacks of

traditional multivariate polynomials, such as excessive smoothing
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that makes them not flexible enough to achieve an adequate fit, as
well as their attitude to exalt individual observations influence on
remote parts of the fitted hypersurface. In LPR, instead of using
unique polynomials to estimate the model that gives the best
prediction, a multivariate polynomial is fitted locally for each
independent variable value.

The technique assumes that the mean function is a smooth function
and the amount of smoothness required is inherently decided by the
degree of the local polynomial used. In a multivariate formulation,
LPR is constructed in the following way. Polynomial estimation of
model m® or one of its partial derivatives is denoted by

K

(k)(.) - -
m m
axf‘ A Bx’;"

¢) &)

where k = (k,...,k;), k; >0, for j=1,....d, and K =k, +
-+« + k, involves minimization of

n P 2
Z%%Qymm—w}mm—m (10)
Jj=0

i=1

with respect to 8., = (B, ... B,.) ", where K, () is a d-variate
kernel function. The local polynomial estimation of m® (x) is given
by

d d
mmam=ﬂwﬁm=nwww
= =
=X, Wi X, ) X)W, Y an
where
W, =diag{Ky(X; — x), ..., Ky(X, —x)}

In local polynomial regression there are at least three parameters
that are important for the estimation: namely, the degree p of the local
polynomials, the kernel function K(-), and the bandwidth / such that
H = hl,, where I, is the d-dimensional identity matrix. To achieve
good estimation results it is important to choose some of these
parameters carefully. The kernel function is actually the least
important of them. The most common choice is a kernel supported on
[—1, 1] (though also the Gaussian kernel is not unusual), since a
compactly supported kernel conveys nice asymptotic properties to
the resulting estimate. A natural choice is the Epanechnikov d-
dimensional kernel:

_dd+2)

_ 2
35 maxt( = IxIP). 03 (12

K(x)

where S,; = 27%?/T'(d/2), since it is optimal in the sense that it
minimizes the asymptotic mean squared error (MSE) and mean
integrated squared error at interior points and is nearly optimal at
most boundary points for all choices of p and k [33].

More important for the performance of the estimator is the choice
of p. Here the bias-variance tradeoff is more tangible. To decrease
the bias one can increase the value of p, though this might in turn
increase the variability, since more local parameters are used and vice
versa. As noted in [34], there is no loss in terms of asymptotic
variance when moving from an even value of p-k to an odd value.
Therefore, it is recommended to use odd values of p-k: generally,
polynomials of order p = k + 1. If k = 2 [i.e., estimation is required
for a C-2 class (existence and continuity of first-order derivative) of
polynomials], a cubic polynomial (p = 3) is to be used.

The most critical parameter for the estimation result is the
bandwidth, A, since it controls the size of the local neighborhood of
the response function. The choice of # is a tradeoff between variance
and bias. By choosing a large bandwidth the local estimate is
influenced by many observations and thus the variance is small. On
the other hand, the influence of remote observations might increase
the squared bias. Many different techniques have been proposed in
the literature for bandwidth selection. For instance, the conditional

MSE minimization with respect to /(x) gives a criterion for
bandwidths estimation (and the result is often referred to as
asymptotically optimal local bandwidths), as discussed in [34].
However, the minimization procedure requires some constants to
be introduced depending in turn on p and k; therefore, some inter-
vention from the analyst is still required. Instead, a very common
criterion is to use cross-validation to obtain reasonable values for / or
an iterative procedure, called the plug-in method [35].

IV. Motivation of the Work

In this paper, an effective formulation of TPS, alternative and
distinct from the one presented above, is described and applied that
drastically improves the predictive capability of both parametric and
conventional nonparametric models. This holds true especially when
a sparse or small database of aerodynamic data coming from either
wind-tunnel or in-flight tests is available that cover wide ranges of
angles of attack.

The advantages of the method presented hereafter over concurring
approaches rely mainly on the deterministic result of its application,
which does not imply any choice of model parameters.

In particular, the following aspects are worth mentioning:

1) Opposite of linear models, the method presented in this paper
overtakes the choice of base functions and therefore keeps the analyst
close to the physical meaning of the problem being considered.

2) Knot number and type, as required in multivariate splines, do
not need to be defined.

3) Centers and width parameters in radial basis function networks
are no longer needed, as well as kernel function parameters in support
vector regression techniques.

4) Contrary to kriging regression, no criteria for weight assign-
ment to data points is needed; therefore, selection of the semi-
variogram is not necessary, thus keeping the analyst close to the
physical problem under consideration.

5) Choice of degree of local polynomials, type of kernel function
K(.) and bandwidth, as done in local polynomial regression, is
definitely overcome.

Moreover, the proposed approach will be shown to significantly
improve the fitting quality with respect to other techniques, in terms
of both reduced data overfitting and augmented robustness.

Finally, a significant improvement of the method described below
is that the obtained fitting is better than the one produced using other
techniques, in that it leads to more robust and reliable predictions at
high angles of attack.

In the following, the theoretical basis of the smoothing splines will
be outlined, starting from the idea of a roughness penalty approach
for determination of the response function in the one-dimensional
case. The natural extension to multivariate regression will eventually
lead to the introduction of the TPS that, to the authors’ best
knowledge, have never been explored for interpolating multivariate
aerodynamic data over a broad range of angles of attack.

V. Thin-Plate Splines

TPS are known since quite a long time in the field of applied
mathematics, in which they were originally introduced for geometric
design: specifically, the name thin-plate spline refers to a physical
analogy involving the bending of a thin sheet of metal. What is
still unexplored is their application to the fitting of experimental
aerodynamic data, which is the subject of the present work. However,
the thin-plate splines that will be used to this scope must not be
confused with those already introduced within RBFs: to this purpose,
the latter will be referred to as radial basis thin-plate splines (RB-
TPS), while the term TPS will indicate only those functions with the
properties defined below. In particular, we will refer to what is often
called a smoothed thin-plate spline (STPS) in the works by Wahba
[49] and Green and Silverman [13].

In the following, a two-dimensional space of input variables will
be treated: nevertheless, TPS and STPS are inherently multivariate in
nature and hence their generalization to higher-order domains is
straightforward [13], as will be described later.
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Since it is assumed that not all of the aerodynamicists may be
familiar with these topics, STPS and their properties will be widely
discussed in this paper.

First, TPS are an important class of functions defined as follows:

n 3
F&) = "mlllx —xi[) + > a;¢,(x) (13)
i=1 Jj=1

where Xx;,...,X, is an assigned set of input vectors in the two-
dimensional space, 7 is a function of the Euclidean distance of the
generic vector point X to X;,

1
% = x;l) = gl — x;[* log(llx — x;[1%) if [x —x[| >0,

n(0) =0 (14)
and
¢ (xp,x) =1, $r(x1, %) = xy, $3(x1, %) =x,  (15)

where (x;, x,) are the coordinates of x; finally, §; and a; are constants
with appropriate values. Specifically, under the condition X4 = 0,
where § = (6,,...,6,),

X = [ 1 1 - 1 ]
Xl X2 e X)‘[
and f is called natural thin-plate spline.

A. Smoothing Thin-Plate Splines

The smoothing TPS approach for multivariate regression aimed at
model building stems from the idea of penalizing a response surface
based on its roughness: basically, this method originates from the
relaxation of some of the assumptions needed when building a model
with the classical polynomial regression techniques.
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When searching for an approximation function y = f(x) using a
least-squares approach, only the surface fitting to the observed data is
to be maximized, and usually no additional constraint is imposed to
f. Obviously, the least-squares sum goes down to zero if f exactly
interpolates data; however, many different surfaces exist passing
through the observed values and, even if some generic smoothness
conditions are imposed to f, in order to make it continuous up
to a specified derivative order, the resulting surface may not be
satisfactory, being potentially subject to excessive fluctuations (as
illustrated in Fig. 1a for a one-dimensional curve). Actually, a good
data fitting should not be the unique goal in the identification of a
response model: a further and often conflicting objective should be to
obtain a surface free from undesired fluctuating behavior.

The roughness penalty approach tries to quantify this rather
qualitative notion: hence, the problem of identifying an adequate
model of the observed data may be stated so as to clearly highlight the
need for a tradeoff between the aforementioned objectives.

A function f is considered sufficiently smooth when it is twice
differentiable over its definition domain. Given a generic smooth
surface f, there are many more or less intuitive ways of quantifying
its smoothness, the most immediate being the calculation of the
functional J(f), defined as follows:

_ azf 2 a2f 2 32f 2
JU)_/]E;Z{(TX%) +2(8x,8x2) +(87x%) }dXI o 10

for a given point x of coordinates (x;, x,) in $R2. The finite character
of J(f) is guaranteed, given that the squares of f second derivatives
are integrable over Ji2. Furthermore, it can be demonstrated that J(f)
is positive definite and goes to zero if and only if f is a linear function.
J(f) offers a useful measure of the amount of roughness of f: in fact,
it is somewhat intuitive that J(f) will grow if the function f has
pronounced local curvatures, since this corresponds to high values of
the second derivatives. Moreover, it allows the quantification of a
surface roughness not to be influenced by the addition of constant

=}
-

0.0

Fig. 1 Interpolation of data pairs by means of a curve a) with continuous second derivative, b) that minimizes S(f) with a smoothing parameter equal to
1 and that minimizes S(f) over the data pairs with c) a high value, and d) a small value of the smoothing parameter «.
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terms or linear functions, as required in statistical regression.
Obviously, other metrics can also be selected for roughness esti-
mation, such as for instance the number of inflection points of the
surface or the maximum absolute values of its second derivatives;
however, J(f) appears to be a more global measure and, in addition,
shows some advantages from a computational standpoint.

In fact, from the definition of J(f), a useful expression for the
roughness penalty approach could be formulated in a straightforward
way; given the observations’ vector y over n input vectors X;, the
following penalized sum of squared residuals can be defined:

S() =D i = f&)P +al(f) (17

where o >0 is a smoothing parameter and the functional S(f)
combines a term quantifying f goodness of data fitting to another one
through which a penalization is assigned based on the response-
surface roughness. The penalized least-squares model f is the one
that, for a given value of o, minimizes the functional S(f) over the
class of functions f twice differentiable in 92, giving the best
compromise between data fitting and curve smoothness (see Fig. 1b
for the one-dimensional case).

It clearly appears that the smoothing parameter o« acts as a
balancing factor between the two objectives: minimization of
residual errors and abatement of the local fluctuations. High values of
o make the penalty term becorpe the dominant one in the definition of
S(f), so that the minimizer f will feature low curvature (Fig. 1c),
approaching the linear regression model if « — oco. On the other
hand, when « relatively small, greater importance is given to the sum

of squared residuals: as a consequence, the surface f will fit the data
as close as possible, regardless of the potential variability introduced
in the shape of the function (Fig. 1d). Some criteria that could drive
the choice of the smoothing parameter value will be discussed in the
following.

The main result of the roughness penalty approach is that the
problem of minimizing S(f) for a given o admits a unique solution
that corresponds to a natural thin-plate spline. It is worth noting that
such a formulation makes the identification of the response surface a
fully deterministic problem, in which nothing needs to be imposed by
the analyst except for the smoothing parameter, which, on the other
hand, may be automatically determined, as will be illustrated below.

Another aspect that deserves to be mentioned is that no predefined

shape (particularly, a TPS shape) has been a priori imposed to f
as is the case for RB-TPS, but this rather comes out as a natural
consequence of choosing J(f) to quantify the surface roughness.
Knowing that the minimizer of S(f) has the form of a natural thin-
plate spline is of outstanding importance, in that it allows to limit the
search for f to arestricted class of functions, rather than to the whole
space of smooth functions twice differentiable in :t%. Moreover, it
can be demonstrated that a solution to the minimization problem over
the domain of natural thin-plate splines does exist and can be
univocally determined by solving a linear system of equations.

B. Choice of the Smoothing Parameter

The need for choosing a proper smoothing parameter (which
can make the analyst feel quite uncomfortable, at least initially, with
the roughness penalty approach) is actually not peculiar to this
method, being rather intrinsic to model building from a given data
set. For instance, choosing the polynomial degree in polynomial
regression is substantially equivalent to identifying a value for . The
only difference here is that this parameter is inherent to the STPS
approach, and hence it appears explicitly since the very early
formulation of the problem. In one hand « is regarded for as a useful
additional degree of freedom in model building, through which
features with different dimensional scales can be successively
investigated in the available data; thus, the value of the smoothing
parameter can be selected on a rather subjective basis, according to
those characteristics the analyst may need to emphasize. On the other
hand, due to the somewhat arbitrary nature of «, the need could rise
for an automatic procedure upon which the identification of its

optimal value for an assigned observation set can be devolved;
automatic procedures become even mandatory when using TPS
routinely for handling huge amounts of data.

Many different procedures exist for determination of the
smoothing parameter value, the most widely known of them being
based on a cross-validation approach [13], which privileges the
predictive capabilities of the model rather than data fitting. A
regression surface f is optimal in the predictive sense if, under the
hypothesis of zero mean random error, the estimated value f (x) over
an unsampled input vector X is as close as possible to the observed
value y = f(x). Hence, a good choice for f is the one that minimizes
the mean squared error {y — f (x)}? for any vector point in the input
domain.

When applying smoothing TPS to a single data set, usually no
additional observations are available over which the cross-validation
approach may be applied: this obstacle can be moved around if each
of the assigned data is regarded for as a potential new observation.
Specifically, a response surface, denoted as f ) (x; ), may be
derived from the whole data set, except for the pair x;,y;. This surface
is the one that minimizes

D = xR+ (f)
J#i

Now the predicted capability of f (_’)(x; «) may be judged over the
input vector point X; that has been omitted from the data when
building the model. Extending this procedure to all the input point
vectors while keeping the value of the smoothing parameter
fixed gives a global measure of the model predictive efficiency.
Specifically, a cross-validation score function may be defined as
proposed by Green and Silverman [13]:

CV(e)=n"! an{y,- — P xpe))? (18)
i=1

This represents the target function to be minimized in order to find
the optimal value for . The minimization problem formulated in

Eq. (18) seems to require that n distinct smoothing functions f D are
to be determined. However, the property of the generic smoothing

spline f to be linearly dependent on the observations y; can be
demonstrated to result in a dramatic reduction of the complexity of
the problem: actually, it is found that CV («) can be expressed as

n o I ) 2
cvie =t Y (T (19)

where A;; are the diagonal elements of the matrix A that maps the

observations y; over their estimated values f (x;). It follows that the
cross-validation score function can be estimated from the residuals

{yi — f (x;)} of the regression smoothing spline f determined over
the complete data set; hence, a unique smoothing problem needs to
be solved to find the proper value for o.

A further approach for choosing the smoothing parameter is the
so-called generalized cross-validation, which is actually a modified
version of the cross-validation metric [49]. It stems from the idea of
approximating each of the diagonal elements of the matrix A with
their mean value. The generalized cross-validation score function to
be minimized then becomes

LYy fx)P

GEV () = S T A@)P

(20)

Even if the GCV approach was originally introduced due to its
higher computational efficiency over classical cross-validation
techniques, the distinction between the two methods is rather of a
statistical nature. Actually, GCV seems more suitable for predictive
purposes: in fact, in statistical regression, the diagonal elements
of A are called leverage values, because they determine how much
influential each observation y; is in the determination of the estimated
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value f (x;). The estimated response in a point with a high leverage
must be regarded carefully, because it turns out to be very sensitive to
the actual value observed over this point. Unlike the cross-validation
score function (which sums up with the same weight all the residuals
of the estimated values obtained by omitting a point from the whole
data set) the GCV score function can be written as

1 — A, 2 A(_i
GCV(a)=rr'§j{(T{7;%§§%5){m—nﬂﬂkxnv} @1

i=1

From Eq. (21) it clearly appears that the residuals’ weights over high
leverage-value points are, in a sense, counterbalanced by a common
term.

Another feature of GCV is the number of equivalent degrees
of freedom, which gives an indication on the effective number of
parameters that should be determined if the problem was solved
using a parametric approach for a specified value of the smoothing
parameter.

C. Multivariate STPS

The penalization of a response surface based on its roughness,
from which the smoothing TPS approach originates, can be extended
quite straightforwardly to functions of more than two variables.
Consider the problem of finding out a proper, sufficiently smooth,
estimator f to build up a model of the form y; = f(x;) + error
(i =1,...,n)fornobservations y;, where x; is now a d-dimensional
vector.

Lift coefficient

200 "5 10 o (deg)

Fig. 2 Typical distribution of lift coefficient for a 3-D-shaped body as a
function of angles of attack « and sideslip .

As for the two-dimensional case, f is the solution of a
minimization problem, in which the function to be minimized is a
penalized sum of squares,

n
Spa(f) =Y _{vi— FxD)P + al, (f) (22)
i=1
o =0deg
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Fig. 3 Comparison among fitted values of the lift coefficient for « = 0°.

Overall view (top); zoom in the range —60° < < +60° (middle); zoom

in the range —180° < # < —90° (bottom). models used: LM, BS, RBF,

and TPS.
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and m is the order of the derivative (higher than the second) used to
measure roughness.

The expression for J,,(f) in Eq. (22) that indicates a penalty in d
dimensions based on the mth derivative is

m! a"f 2
Jm(f)_/”.L‘/Zvll,...,vd! (8}6?,...,3)6;") drp, - dxg

(23)

where the sum within the integral is extended over all the nonnegative
integers vy, v,, ..., v, suchthatv, + v, + - -+ + v, = m. According
to this definition, the only surfaces for which J,(f) =0 are
polynomials of degree less than m. Moreover, it is necessary to
impose the condition 2m > d, so that roughness functionals J,, based
on integrated first derivatives can be used only for one-dimensional
problems, those based on integrated second derivatives only for
three or less dimensions, and so on. The reason for that is expressed
mathematically in terms of Beppo Levi and Sobolev spaces [50].

As usual, we can face the optimization problem expressed
in Eq. (22) by considering a peculiar finite-dimensional class of
functions f. Let us define a function 7,,,:

Or*=logr if d is even

Ma(r) = {Qrz"’"’ if d is odd ey

where the constant of proportionality 6 has the following expression:
(=1 H1+8212m =S (i — 1)1 (m - g) I=!if d is even

f=
—2m 4 -
I‘(‘%—m)Z =i (m — 1)17!

if d is odd

(25)
Finally, we define

and we focus our attentiononaclass {¢;, j = 1,2, ..., M} of linearly
independent polynomials spanning the A-dimensional space of
polynomials in R¢ with degree less than m.

A function f on R is called a natural thin-plate spline of order m if
it has the form

n M
) =Y 8maualllx = xil) + Y a;;(x) (26)
i=1 j=1

and the coefficient vector ¢ satisfies the condition Té = 0, where
Ty = ¢i(xy).

Again, it can be demonstrated that, provided that the points x; are
distinct and sufficiently dispersed to determine a unique least-
squares polynomial surface of degree m — 1, and under the condition
2m > d, the function f that minimizes J,,(f) under the constraint
f(x;) = y; is a natural thin-plate spline of order m.

It follows that the function that minimizes S,,; is a natural thin-
plate spline of order m, with coefficient vectors a and § uniquely

identified by
E+al TT|(5\(y
)6 e

where the generic E matrix element E;; = 1,,,([|X; — X;]|).

VI. Example of Application

The case study that is analyzed hereafter is representative of some
experimental data coming from a wind-tunnel campaign on a typical
3-D fuselage-shaped body, aimed at the acquisition of its aero-
dynamic coefficients over a rather extensive attitudes’ range.
Specifically, the application is focused on the body lift coefficient CL
as a function of both angle of attack « and sideslip angle B (Fig. 2).
The CL coefficient is chosen because of its pronounced multi-
modality, especially when the dependence on f is considered, with
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Fig. 4 Comparison among fitted values of the lift coefficient for « = 10 and £20°. Models used: LM, BS, RBF, and TPS.
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multiple function value inversions and sudden gradient changes. This
makes the selected function an ideal candidate for a model building
technique to be tested, especially when its predictive capability over
unknown points is of interest. However, extension to other aero-
dynamic coefficients is straightforward.

The experimental data samples are closer at low-incidence angles
and sparser at higher attitudes, as is typically the case for wind-tunnel
acquisitions. In fact, costs related to wind-tunnel campaigns oblige to
limit the total number of tests to be performed, so that more resources
are commonly dedicated to understanding the aerodynamic behavior
at those attitudes that are more usual in-flight conditions.

In the following, results of the implementation of the various
techniques discussed above are presented and compared with each
other. The resulting two-dimensional response surface is visualized
in Figs. 3-6, in the form of a series of sectional cuts along the
direction of constant « for different values of the angle of attack.
In fact, the functional dependence of the lift coefficient on the side-
slip angle B makes it possible to better appreciate the remarkable
variability of the observations to be fitted.

A higher-order response-surface application, e.g., CL as function
of three variables (two angles and Mach number), could also be
considered in principle. However, for the sake of simplicity and the
necessity for an immediate physical understanding, we shall refer to a
bivariate example only.

First, a linear model, whose analytic expression is reported in
Eq. (28), is applied to fit the experimental data:

CL=-0.27782112—0.89774327 cos(B) —0.02717918sin(x)
—3.25607cos*(B) +0.94288cos (B) — 1.36882cos? (B)sin’ ()
+78.53349c0s°(B) —204.80132cos®(B) + 192.82cos'*(B)
—62.96c0s'?(8) —0.06851cos'*(B) + 1.73567 cos(B) sin(a) (28)

The corresponding determination coefficient is

n 592
R = 7Z;='(y’_ —D 08528
Zizl(yt y)

and the residual distribution is visualized in Fig. 7.

The model presented here derived from the elaboration of a series
of parametric linear models having progressively increasing values
of the determination coefficient as a result of their growing functional
complexity. Actually, in spite of the apparent correlation of the
measured data with the trigonometric functions in « and f, it is not
possible to achieve a determination coefficient larger than that
mentioned above, unless higher-order terms were introduced into the
model. However, complicating further the model leads to extremely
limited gains in terms of correlation with the observed data;
moreover, a high functional complexity does not seem to be sound
from an engineering standpoint. Actually, the need for a high value of
the determination coefficient often contrasts with the requirement to
keep to a minimum the complexity of the calculated functions, due
to the emerging risk of data overfitting, as emphasized by the
appearance of multiple local peaks (either maxima or minima) thatdo
not make sense when a reasonable physical interpretation of the
model is searched for. This is much more evident as the greatest
attitude angles are considered.

As far as the bivariate-spline response surface is concerned, the
number and location of the knot sequence are selected so as to
correspond to the observed data, since reducing the number of knots
results into response surfaces of poorer quality. It follows that the
model presented in Figs. 3 and 4 actually represents the most
satisfactory one among those analyzed in the class of bivariate
splines. As can be observed, data fitting at low angles is acceptable
for all values of ¢, while at higher sideslip angles, some undesirable
local peaks appear (Fig. 3 bottom view and Fig. 4): even if the
function values over the unsampled points are unknown, practical
considerations seem to suggest that this is not a plausible physical
behavior.

Regarding the RBF model, several options were investigated. The
proposed model adopts a Gaussian basis function; however, it was
found that the choice of basis function has negligible effects on the
response function, as well documented in the literature. What is most
influential is the choice of centers and widths. As far as the centers are
concerned, two approaches were chosen: first, a stepwise procedure
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was followed: i.e., starting from the whole group of observed data,
different points were progressively excluded from the centers’
sequence; second, a sequence of several clustering techniques
(including the ROLS algorithm [47], mean-tracking clustering
algorithm [51], and Fisher ratio class separability measure [52]) was
adopted. Using the first approach, the best correlation at both low and
high attitude angles was observed when all the experimental data
were retained in the centers’ sequence. When the others algorithms
were used, the resulting surface was not satisfactory, in that it did not
adequately replicate the experimental trend; moreover, predicted
values were far from the true observations over the points that were
excluded from the centers sequence. For determination of widths, a
vector was created whose components were calculated on the basis of
the Euclidean distance between successive point pairs and the
corresponding optimal multiplying coefficients were searched for.
When widths larger than the exact distances between points were
used, the resulting response surface was excessively smooth and
unable to capture the function variations adequately. On the other
hand, if widths were selected as fractions of the distance the model is
undesirably unstable. Thus, the final solution presented in Figs. 3 and
4 has widths exactly equal to the relative distances between points.
Itis worth noting that the multidimensionality of the problem renders
quite difficult to achieve a satisfactory correlation over both
directions in the input variables’ domain. In fact, at o = 0° cor-
relation at low f values is quite poor: in particular, the RBF model
does not capture the symmetric behavior of the curve around g = 0°
with two local maxima, while this is not the case for the other values
of incidence angles that are visualized. However, at @« = 0° and when
B approaches its extremity values (see bottom of Fig. 3), the
appearance of doubtful and presumably meaningless local maxima/
minima occurs. On the other hand, the correlation at higher sideslip
angles seems more reasonable over all the investigated values of «.
It is again worth underlying that the results presented using RBF
are the best obtained by the authors in terms of adherence to the
observations. When criteria others than the ones mentioned above
were chosen for centers and width selection, the response surface was
far away from being acceptable.

< T j T
1 -

Lift Coefficient

"2200 -100 0 100 200
B [deg]

In Figs. 5 and 6, the results obtained using the more recent
nonparametric fitting techniques are presented and compared again
to those generated using the STPS technique in order to highlight the
main differences as functions of the two independent variables. At a
first glance, an apparent improvement in the predictive capability of
the models implemented is found.

SVM regression was constructed using the following kernel
function parameters: kernel function was always radial (in fact, the
type of kernel function seemed to have negligible influence on the
predictive model) and the e-insensitive parameter was chosen as a
function of the actual number and type of the training data so as to
minimize the MSE [53,54]. In our case, several subsets of randomly
selected training data were used featuring different cardinality. In
particular, the following rules were used at the very beginning of
model construction: observed data set was split into three subsets
(in the ratio 50, 25, and 25%), each of which was used for training,
validating, and testing the model, respectively. After this, we tried
several subset cardinalities and e values until the tested results
produced the lowest possible MSE, as well as were the closest to the
actual validation set outputs. As a result, we found that these goals
were obtained using a random selection of 150 data points out of 231
observations (the whole set) for training the SVM and an ¢ value
equal to 0.01. The remaining data were split into two halves and used
for validating and testing the model, respectively. When larger
training set were used, an undesirable overfitting was produced. In
case of lower number of training data, the model begun to be very far
away from the observed points. Finally, when adjusting the value of &
for a given training set, even very close to the one giving the lowest
MSE, we registered a poor model prediction. From Figs. 5 and 6, a
qualitative judgment of obtained results can be drawn. At null
sideslip angles, the model is able to follow the trend given by the
experimental values but it produces an unsatisfactory prediction
overall, especially close to 8 =0. Moreover, at higher model
attitudes (particularly at « = —20°) the prediction at higher angles of
attack is completely erroneous. The reason for this seems clear: the
training phase of a SVM requires some data to be excluded (either
randomly or using some still-arbitrary criterion) so that the resulting
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model will perform badly just in the neighborhood of the excluded
points. This is crucial in cases, as ours, when number of available data
is relatively low. From this point of view, all predictive methods
based on supervised learning would probably behave poorly.

RK was implemented as a regressing Gaussian radial basis
function using the Model Based Calibration Toolbox in MATLAB
version 13 [55]. The procedure was the following: after choosing the
kernel type, the selection of centers was performed using a reduced-
error algorithm, in which a forward-selection procedure is performed
until the largest data points residual was achieved; then a trial-widths
algorithm was used to choose proper model widths, in which several
widths values between lower and upper bounds were tested and
iteratively selected to get the lowest GCV index using a zonal
approach, such that the different widths are finally selected according
to the local density of observed values; finally, an iterate Ridge
criterion was adopted to select the optimal regularization parameter
(which is, in fact, iterated until the minimum GCV index is obtained).
Results depicted in Figs. 5 and 6 show a very good data fitting
compared with the preceding methods even though predictions
was missed at « = 8 =0°, a very important condition from an
experimental point of view. Nevertheless, the model behaved
reasonably well at both low and high angles, and seemed able to
adjust to the experimental data with a noticeable degree of physical
smoothness.

In LPR, a two-dimensional Epanechnikov kernel was chosen, i.e.,
K(a, B) = 2max{(1 —a? — £%),0}, then k=2 (existence and
continuity of first-order derivative) polynomials were selected and,
therefore, a cubic polynomial (p = 3) was used; finally, a cross-
validation approach was adopted to obtain 4 = 5.1. As apparent from
Figs. 5 and 6, the accuracy of LPR estimation is very good and
somehow qualitatively equivalent to what has been obtained using
STPS (discussed later). Someone could perhaps say that the quality
of interpolation is superior to the one obtained using the methods
presented so far. Equipollency of LPR and STPS is even surprising
at « =0 in the range —60° < f < +60° (see Fig. 5, middle), in
which the two curves are almost overlapped. At lower values of
the incidence angle (especially for f < —150°), in which observed
points are sparser, LPR is less smoothed such that a presumable
nonphysical local maximum occurs around 8 < —163° (see Fig. 3,
bottom). The same happens at very high sideslip angles (¢« = 0 and
B > +150°), in which the overestimation in the lift coefficient is
even amplified. It is worth noting that fora = 0, —120° < 8 < —90°,
and +90° < 8 < 4120°, the different local partial derivative of the
response surface along B at the interval extremes leads to the
appearance of a saddle point that seems a direct consequence of a
mathematical soundness and robustness of both methods. In fact,
within these intervals, the other methods cause the predicted function
to have a, perhaps nonphysical or at least doubtful, local minimum.
The same behavior is observed at different incidence angles o—s.

Finally, the STPS model is generated in a completely automated
manner, as discussed before: the corresponding value of the
smoothing parameter is & = 1.854 x 107°, as obtained by the GCV
algorithm. The superiority of this model over the others is apparent
(having in mind the arguments presented above, especially regarding
LPR), in terms of both goodness of fit and regularity of the global
behavior of the response surface.

Cross-validation tests were performed as described below. When
a predictive model is built, validating its performance is perhaps
the most delicate issue to be addressed. In fact, when selecting a
validation technique, it is vital to keep in mind the purpose of such
validation: i.e., to estimate the level of performance we may expect
from generated models when such models are run on different data
set of independent variables.

For this purpose, we proposed two kinds of distinct criteria: the
first was based on overall data resampling, and the second was a local
cross-validation test.

In data resampling, we used the well-known k-fold cross-
validation test, sometimes referred to as simply cross-validation [56].
k-fold cross-validation stems from the idea of holdout testing in a
clever way by rotating data through the process. To this purpose, data
were randomly split into k equal-sized subsets, so that a train-test
process was repeated k times, each time leaving a different segment
of the data out, as the test set. Of the k subsamples, in fact, a single

12

10 1

ASE,,

0+
TPS RBF LM BS SVM RK LPR
Fig. 8 Model validation using tenfold cross-validation: values of ASE,
for prediction models.
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Table 1 Cases used in the cross-validation proce-
dure and corresponding model errors

Omitted point?
B=—-150°,a=—15° B=+I15°,a=+15°

Case 1 Case 2
LM 44.0 60.7
RBF 5.1 17.6
BS 39 30.2
SVM 37.5 10.4
RG 4.0 1.6
LPR 43.0 0.1
TPS 1.3 4.6

*Prediction error over the omitted point is &; = |(y; — f(x,)) /
yil(%).

subsample was retained as the validation data for testing the model,
and the remaining k — 1 subsamples were used as training data.
Specifically, we used k£ = 10, resulting in tenfold cross-validation
such that observations were randomly assigned to 10 groups. The
final performance measurement was taken as the absolute squared
error (ASE10) across all 10 trials. Results are summarized graph-
ically in Fig. 8. As can be seen, according to this performance metric
the TPS approach gives the best prediction compared with the other
models. It is worth noting that RBF is comparable in terms of
goodness and, contrary to what is qualitatively judged from the
response cuts, LM still behaves as a statistically sound model. This is
due to the fact that in the parametric model, predictions are almost
insensitive to the type of learning and test subsets. This does not
mean that the model is good per se, but only that it is stable when
predictions over new set of data are to be performed. In our case, this
consideration does not apply to nonparametric models, with the
exception of TPS and RBF, for which the predictive capability tends
to degrade when samples of observations are omitted.

o =10deg

A local validation test was also performed: one single point was
excluded at a time from the observed data and the models based on
the formulations cited above were built on the modified observations’
group. Then the resulting response surfaces were used to predict
the response over the excluded point and the local percentage error
between the estimated and the true value was evaluated as

& = i — F(x)) /il (%)

Unlike global metrics typical of classical statistical regression, this
local measure seems to be suitable to the specific purpose of the
paper, since models of different nature (parametric vs nonparametric)
are to be compared. Moreover, when omitting the experimental
acquisition over some specified attitudes during a wind-tunnel
campaign, it is of practical interest to the analyst that the response
surface is as robust as possible, giving an estimated value close to
what would be really observed if the whole test matrix was sampled.

A series of points were selected to be omitted from the assigned
data: for the sake of brevity, only two of them (o = —15° with
B = —150°and ¢ = +15° with § = +15°), representative of the low
and high sideslip-angle values, respectively, are reported here. The
results are summarized in Table 1, in which the different methods are
ranked adopting the metric cited above.

In the case of high sideslip-angle absolute values (¢ = —15° and
B =—150°), the predictive performance of the STPS model is
by far the most satisfactory among the investigated models, with
percentage errors up to 1 order of magnitude less than those
coming out from other techniques. A visual representation of the
response-surface cuts obtained after omitting the aforementioned
point is given in Figs. 9 and 10. On the other hand, at lower sideslip
angles (¢ = +15° and B = +15°), both RK and LPR perform
better than STPS (Figs. 11 and 12): however, this seems to be
dependent on the peculiar criterion selected for cross-validation
and in any case the percentage predictive error of STPS over the
omitted point is less than 5%, which is judged satisfactory.
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Fig. 9 Comparison among fitted values of the lift coefficient for « = £10 and £15° when data point (¢ = —15° and 8 = —150°) was discarded for cross-

validation. Models used: LM, BS, RBF, and TPS.
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Moreover, while LPR exhibits the lowest percentage error in this
second case, prediction over the preceding omitted point
(¢ =—15° and B = —150°) is very unsatisfactory, with an error
up to 43%; it follows that STPS gives a much better compromise
for prediction over both low and high values of B. This confirms
that STPS have significantly more pronounced stability and
reliability with respect to the other techniques, especially when
high angles of attack are considered.

VII. Conclusions

In this paper, a nonparametric method for robust fitting of
aerodynamic data coming from either wind-tunnel or in-flight tests
was presented. The formulation based on the multivariate smoothing
thin-plate spline approach is relatively simple and easy to implement
and straightforward to generalize to any arbitrary order. The main
advantages over both parametric and other nonparametric ap-
proaches rely mainly in the deterministic result of its application,
which does not imply any subjective choice of model parameters.

In particular, opposite to parametric linear models, the method
presented does not require any arbitrary, and often biasing, choice of
base functions for model construction. Also, contrary to other
concurrent nonparametric methods (i.e., multivariate splines, radial
basis function networks, support vector machines, regression kriging
and local polynomial regression), knots number, centers, and width
parameters are no longer needed, therefore keeping the aero-
dynamicist almost free of any subjectivity in building his/her model
while staying close to the physical meaning of the problem being
considered.

An application of the method was then proposed in a typical two-
dimensional result matrix coming from a sample wind-tunnel
campaign, in which the lift coefficient values of a representative 3-D
streamlined body were to be properly fitted.

® Observed

—— LPR(MLS)
— TPS

Lift Coefficient

1.5 : '
300 -100 0 100 200

p [deg]

Fig. 12 Comparison among fitted values of the lift coefficient for « = £10 and £15° when data point (¢ = 15° and = 15°) was discarded for cross-
validation. Models used: SVM, RK, LPR, and TPS.

From the obtained results, the proposed approach was demon-
strated both qualitatively (using graphical and engineering con-
siderations) and quantitatively (by means of a cross-validation
procedure) to significantly improve the fitting quality with respect to
other techniques, in terms of reduced data overfitting and augmented
robustness.

Finally, a meaningful improvement of the method is that the fitting
produced when omitting one point at a time is significantly better
than the one produced using other techniques, in that it leads to
more robust and reliable predictions, at least at high angles of attack.
This has also an important practical implication, in that the method
could be successfully used to enforce the potentialities of an MDOE
approach when an aerodynamic test campaign is to be planned with
the minimum number of experimental observations.
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